Josephson effect in multiterminal topological junctions by Zazunov, A. et al.
Josephson effect in multiterminal topological junctions
A. Zazunov,1 R. Egger,1 M. Alvarado,2 and A. Levy Yeyati2
1Institut für Theoretische Physik, Heinrich-Heine-Universität, D-40225 Düsseldorf, Germany
2Departamento de Física Teórica de la Materia Condensada C-V,
Condensed Matter Physics Center (IFIMAC) and Instituto Nicolás Cabrera,
Universidad Autónoma de Madrid, E-28049 Madrid, Spain
(Dated: September 25, 2018)
We study the Josephson effect in a trijunction formed by two topological superconductor (TS)
wires and a conventional s-wave superconductor. Using a boundary Green’s function formalism,
analytical results for the current-phase relation are obtained in various limiting cases by modeling
the TS wires via the low-energy limit of a Kitaev chain. We show that Josephson transport critically
depends on the spin canting angle θ between the boundary spin polarizations of the TS wires, which
in turn suggests that the spin structure of Majorana states can be accessed through supercurrent
measurements. We also extend the boundary Green’s function approach to a more microscopic
spinful wire model and thereby compute the dependence of θ on experimentally accessible parameters
such as the Zeeman field and/or the chemical potential. Furthermore, we show that the equilibrium
current-phase relation between both TS wires exhibits a robust 4pi-periodicity since the conventional
superconducting lead effectively locks the fermion parity of the trijunction.
I. INTRODUCTION
The possibility to induce topological superconductiv-
ity in semiconducting nanowires with strong spin-orbit
coupling (e.g., InAs or InSb) by proximity coupling to a
conventional superconductor has paved the way to excit-
ing novel developments [1–13]. In particular, presently
available devices with a hard superconducting gap [8–11]
and disorder levels close to the ballistic limit [12, 13] ex-
hibit characteristic transport signatures as expected for
Majorana bound states (MBSs). The latter are robust
states localized at the wire ends within the topological
phase. Similar experiments have also been reported for
other platforms, see for instance Refs. [14–18], and many
of our results below apply to those implementations as
well. It stands to reason that the currently developed
technologies will give access to quantum transport stud-
ies in a wide variety of hybrid structures involving topo-
logical superconductor (TS) wires, including multitermi-
nal geometries [12, 13, 19]. Such devices may also be of
interest for topological quantum information processing
applications [2–4].
This situation claims for a flexible theoretical frame-
work going beyond idealized models but simple enough
to account in an (almost) analytical way both for subgap
(Andreev and/or Majorana) bound states as well as for
above-gap continuum states. In a recent work [20], an
effective low-energy theory has been formulated in order
to analyze nonequilibrium quantum transport in junc-
tions of TS wires and/or conventional (normal or super-
conducting) terminals. Based on a tunnel Hamiltonian
description valid for arbitrary junction transparency, the
boundary Green’s function (bGF) of the respective termi-
nal here represents a central ingredient, see also Ref. [21].
It is well known that related approaches can successfully
describe a wide variety of topologically trivial systems
[22, 23]. Analytical results for the (nonlinear) conduc-
tance, noise correlations, and for the supercurrent-phase
relation in topological two-terminal hybrid junctions have
been reported in Ref. [20]. Moreover, a three-terminal
junction with two normal leads and one TS wire has been
studied within this framework [24].
The present work aims at providing a concise theo-
retical description of quantum transport in multitermi-
nal junctions containing TS wires as well as conventional
s-wave superconducting leads (hereafter referred to as
S leads). We focus on the TS-S-TS setup sketched in
Fig. 1(a), where we analyze the equilibrium supercurrent-
phase relation in a phase-biased device. In addition, we
go beyond previously established theories by deriving and
subsequently employing the bGF for the spinful semicon-
ductor nanowire model proposed in Refs. [25, 26]. Com-
pared to the low-energy bGF for effectively spinless Ki-
taev chains used in Refs. [20, 24], this more microscopic
bGF allows one to directly calculate the spin-dependent
properties of a TS wire. While our results for the spinful
bGF apply for arbitrary multiterminal junctions, spin-
dependent properties turn out to be of special importance
for the TS-S-TS setup in Fig. 1. Since we study equilib-
rium properties, we utilize the Matsubara representation
throughout this paper. By instead using a Keldysh ver-
sion of the theory [20], nonequilibrium features in topo-
logical multiterminal junctions, e.g., phenomena involv-
ing multiple Andreev reflection (MAR) processes, may
also be studied. However, we leave this to future work.
The Josephson effect in hybrid S-TS multiterminal
junctions constitutes an interesting fundamental issue.
Since Majorana states have a well-defined spin polariza-
tion axis [27–34], Josephson transport as well as MAR
phenomena are strongly suppressed in two-terminal S-
TS junctions [35–40]. This supercurrent blockade reflects
the conflicting pairing symmetries in both leads. How-
ever, the blockade could be lifted by forming a junction
between an S lead and two (or more) TS leads. In this
case, a spin-singlet Cooper pair in S can be split by in-
jecting two opposite-spin electrons into different TS leads
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Figure 1. (a) Schematic setup: Phase-biased TS-S-TS tri-
junction formed from two topological superconductor (TS)
wires and one conventional superconductor (S). The TS wires
(blue) have the respective superconductor order parameter
∆L/Re
iφL/R , while the S terminal has the gap ∆S and phase
φS = 0. The S-TS tunnel couplings are denoted by λL/R, and
the direct TS-TS coupling is λLR. The spin quantization axis
in the respective TS wire is tilted by an angle θL/R relative
to the corresponding axis in the S lead. (b) Parallel config-
uration: One chooses φL = φR = φ˜/2 such that φ = 0, see
Eq. (2). Red arrows indicate supercurrents IL/R in TS wires.
(c) Serial configuration: Here φL = −φR = φ/2 with φ˜ = 0,
see Eq. (2).
(or the reverse process). Clearly, such processes, and thus
the supercurrent, will then be sensitive to the relative an-
gle θ = θL−θR between the spin polarization axes of both
TS wires, see Fig. 1(a). If the spins in the TS wires are
oriented along the same direction (θ = 0), the supercur-
rent blockade will persist, while a sizable supercurrent
can flow for antiparallel alignment (θ = pi). Since each
TS wire effectively acts as a spin filter, it is not possi-
ble to generate spin entanglement in this way. However,
Cooper pairs can be split with high efficiency through
such processes [41], and supercurrent measurements in
the trijunction setup of Fig. 1(a) can therefore probe
the spin structure associated with MBSs. We mention
in passing that previous work has considered networks
of TS wires [42], where TS-TS-TS trijunctions represent
the basic unit [43]. Topological aspects may also become
important in multiterminal junctions of conventional su-
perconductors [44]. However, to our knowledge, multi-
terminal geometries containing both TS and S leads have
not been discussed before.
We thus consider a conventional s-wave superconduc-
tor (S) and two topological class-D superconductor (TS)
wires, which are tunnel-coupled in a trijunction geome-
try, see Fig. 1(a). Here, ∆S and ∆j=L/R are real-valued
superconducting gaps, where gauge invariance allows us
to put the phase in the S lead to φS = 0 without loss of
generality. Taking into account current conservation,
IL + IR + IS = 0, (1)
with the convention that individual supercurrents flowing
through each branch (L/R/S) are oriented towards the
junction, it is useful to introduce the linear combinations
φ = φL − φR, φ˜ = φL + φR. (2)
For φ = 0, we have the “parallel configuration” shown
in Fig. 1(b), where IL = IR implies that no supercurrent
flows between the TS leads. We then effectively have a
Josephson junction between the s-wave superconductor
and a two-channel p-wave superconductor. The phase
difference across this effective junction is given by φ˜/2.
For φ˜ = 0, we instead encounter the “serial configura-
tion” in Fig. 1(c), where the supercurrent IR = −IL flows
between both TS wires but IS = 0. The S lead then acts
as currentless probe electrode (with gapped spectrum)
coupled to an effective TS-TS junction. Remarkably, as
we show in Sec. II C below, since the S lead effectively
measures the fermion parity of the trijunction, the 4pi-
periodic current-phase relation of a TS-TS junction [1–4]
is stabilized for all θ 6= 0 and thereby becomes completely
robust. It is worth noting that this effect cannot be cap-
tured by an approach neglecting above-gap quasiparti-
cles. This observation suggests a practical way to experi-
mentally observe the topological Josephson current-phase
relation (CPR) in a ground state of fixed fermion parity.
In what follows, we always take ∆L = −∆R = ∆ as
expected for a long TS wire interrupted by a tunnel junc-
tion [20] and mostly assume symmetric S-TS couplings,
λL = λR = λ, keeping the direct TS-TS coupling λLR
arbitrary. The crucial parameter controlling the Joseph-
son effect is then given by the spin canting angle θ, see
Fig. 1.
Our theoretical description of TS-S-TS trijunctions be-
low proceeds along two interrelated avenues. In Sec. II,
we use the bGF for TS wires derived in Ref. [20], see
Eq. (3) below, which in turn represents the low-energy
limit of the celebrated Kitaev chain [1]. In this case, the
spin structure is introduced phenomenologically through
the angles θL/R in Fig. 1(a). The advantage of this
approach is that its simplicity allows for analytical re-
sults. As a second approach, in Sec. III, we derive and
employ the bGF for the spinful TS nanowire model in
Refs. [25, 26]. This model explicitly takes into account
proximity-induced pairing, spin-orbit coupling, and the
magnetic Zeeman field. Details of our derivation of the
bGF can be found in the Appendix. Using this bGF, the
MBS spin structure no longer needs to be inserted in a
phenomenological manner but emerges naturally. How-
ever, this advantage comes at the prize of increased com-
plexity, necessitating a numerical analysis. We also study
the CPR across the topological transition in the TS wires
using this approach. Finally, we conclude in Sec. IV.
Throughout, we use units with e = ~ = kB = 1.
3II. LOW-ENERGY APPROACH
A. Model
In this section, each TS wire is modeled by the bGF in
Eq. (3) below, which describes the low-energy continuum
limit of an effectively spinless Kitaev chain deep in the
topological phase, see Ref. [20] for a detailed derivation.
The spin angles θL/R are then taken into account phe-
nomenologically in the tunnel Hamiltonian, see Eq. (5)
below. Starting from the boundary fermion operator
cj in TS lead j = L/R, we define the Nambu spinor
Φj =
(
cj , c
†
j
)T
. Using the time-ordering operator T , the
imaginary-time bGF of an uncoupled TS lead is
Gj=L/R(τ) = −〈T Φj(τ)Φ†j(0)〉0 = T
∑
ω
e−iωτGj(ω),
Gj(ω) =
1
iω
(√
ω2 + ∆2j σ0 + ∆jσx
)
, (3)
where Pauli matrices σx,y,z and the identity σ0 act
in Nambu space. All frequency summations run over
fermionic Matsubara frequencies, ω = 2pi(n+1/2)T , with
integer n and temperature T . Similarly, we have bound-
ary fermion operators ψσ for spin σ in the S lead, which
are combined to form the Nambu spinor Ψ =
(
ψ↑, ψ
†
↓
)T
.
The respective bGF is then given by [23]
GS(τ) = −〈T Ψ(τ)Ψ†(0)〉0 = T
∑
ω
e−iωτGS(ω),
GS(ω) = − iωσ0 + ∆Sσx√
ω2 + ∆2S
. (4)
In the above formulation, we have used a gauge where
the superconducting phases φL/R, see Fig. 1(a), only ap-
pear in the tunnel Hamiltonian connecting the decoupled
TS and S leads in order to form a trijunction,
Ht =
∑
j=L/R
λje
iφj/2
(
αjψ
†
↑ + βjψ
†
↓
)
cj (5)
+ λLRe
−iφ/2c†LcR + h.c.,
where the real-valued S-TS tunnel amplitudes λL/R ≥ 0
include density-of-state factors, and the prefactors αj =
eiχj cos(θj/2) and βj = e−iχj sin(θj/2) determine the
weight of each spin component through the angles θL/R.
In addition, there are angles χL/R which, however, are
not essential as shown below. Furthermore, λLR in
Eq. (5) describes a direct coupling between both TS
leads. With the above conventions, all tunnel couplings
are dimensionless quantities. In Nambu notation, Eq. (5)
is given by
Ht =
1
2
Φ†LWLRΦR +
∑
j=L/R
Ψ†WjΦj + h.c., (6)
WLR = λLRe
−iσzφ/2σz, Wj = λjeiσzφj/2diag(αj ,−β∗j ).
Let us now take the global spin quantization axis along
the spin direction of, say, the left (j = L) TS lead [45].
We then observe that SU(2) spin rotation invariance in
the S lead implies that we can set αL = 1 and βL = 0
by switching to new fermion fields for the S terminal,
ψ′↑ = α
∗
Lψ↑ + β
∗
Lψ↓ and ψ
′
↓ = −βLψ↑ + αLψ↓. Another
simplification follows by noting that χR can be gauged
away up to a renormalization of the phase φL. We there-
fore put αR = cos(θ/2) and βR = − sin(θ/2) with the
angle θ = θL − θR between the TS spin polarization di-
rections. Note that the direct TS-TS coupling λLR will
in principle depend on θ. In particular, if only spin-
conserving tunneling is possible, we expect λLR = 0 for
θ = pi.
The Josephson currents IL/R, and thus also IS from
Eq. (1), can then be expressed as [20]
Ij = −iT tr
∑
ω
σz [Σ(ω)G(ω)]jj . (7)
The full bGF, G(ω), follows from the uncoupled bGFs in
Eq. (3) as a solution of the Dyson equation,
G−1(ω) = G−1(ω)− Σ(ω), (8)
where the matrix G = diag(GL, GR) acts in TS lead
space and the trace operation in Eq. (7) is over Nambu
space. The self-energy Σ(ω) captures the effects of inte-
grating out the S lead. Like G(ω), this self-energy is a
4 × 4 matrix in lead-Nambu space. Using the particle-
hole symmetry relation Φ†j = Φ
T
j σx, some algebra gives
the self-energy matrix elements in lead space in terms of
the Nambu matrices
ΣLL/RR(ω) = −
iωλ2L/R√
ω2 + ∆2S
σ0,
ΣLR(ω) = Σ
†
RL(−ω) = WLR −
λLλR√
ω2 + ∆2S
× (9)
×
(
iω cos(θ/2)e−iφ/2 sin(θ/2)∆Se−iφ˜/2
− sin(θ/2)∆Seiφ˜/2 iω cos(θ/2)eiφ/2
)
,
with φ and φ˜ in Eq. (2) andWLR in Eq. (6). Notably, the
Cooper pairing term mediated between both TS wires
through lead S, which corresponds to the off-diagonal
Nambu component in Eq. (9), exhibits a pronounced θ-
dependence through the factor sin(θ/2). In particular,
the induced pairing is maximal for opposite spin polar-
ization of the TS leads (θ = pi) but vanishes for collinear
polarization (θ = 0).
A numerical calculation of the CPR in Eq. (7) poses no
serious challenges, but fortunately many limiting cases
of interest can also be treated analytically. In the re-
mainder of this section, we first discuss the parallel con-
figuration with φ = 0, see Fig. 1(b) and Sec. II B. We
then continue with the serial configuration defined by
φ˜ = 0, see Fig. 1(c) and Sec. II C. These two cases are
expected to capture the essential Josephson physics in
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Figure 2. Supercurrent IL = IR vs phase φ˜ = φL + φR
for the parallel configuration with φ = φL − φR = 0 shown in
Fig. 1(b), obtained numerically from Eq. (7) for λL = λR = 1,
∆S = ∆, and T = 0.02∆. From top to bottom, the spin angle
is given by 4θ/pi = 4, 3, 2, 1, 0. The upper (lower) panel is for
λLR = 0 (λLR = 1). The red dashed curve in the upper panel
is given by Eq. (10) for ∆S →∞ and θ = pi. The blue curve
for θ = pi in the upper panel is also known analytically, see
Eq. (12).
our setup. We finally allow for arbitrary phase configu-
rations in Sec. IID, where we address the atomic limit
for either the S lead (∆S → ∞) and/or the TS leads
(∆→∞).
B. Parallel configuration
We begin with the parallel configuration shown in
Fig. 1(b), where φ = φL− φR = 0 and only φ˜ = φL + φR
can change. In effect, we thus have a two-terminal
Josephson junction with phase difference φ˜/2 between
a two-channel TS lead and the S lead, termed “S-2TS
junction” in what follows. Results for this configuration
are shown in Fig. 2 for various values of θ.
1. Without direct TS-TS coupling
Let us first discuss the case without direct TS-TS cou-
pling, λLR = 0, cf. the upper panel in Fig. 2. The critical
current, Ic = max
∣∣∣IL/R(φ˜)∣∣∣, has a maximum for antipar-
allel spin alignment (θ = pi) and then monotonically de-
creases down to Ic = 0 as θ is reduced to θ = 0. This
behavior indicates that the supercurrent is indeed due to
Cooper pair splitting processes as anticipated in Sec. I.
Such processes are favored in the antiparallel spin con-
figuration since a Cooper pair in the S lead is built from
electrons with opposite spin. On the other hand, they are
ruled out for θ = 0. Remarkably, the CPR is pi-periodic
in the phase difference φ˜/2 across the S-2TS junction.
As discussed in Sec. IID below, analytical results for
the CPR follow in the atomic limit for the S lead, ∆S →
∞, where we find
I
(∆S→∞)
L/R (φ˜) = −
∂EA
∂φ˜
tanh(EA/2T ), (10)
EA(φ˜) =
√
τ(θ)∆ cos(φ˜/2).
The Andreev bound state (ABS) energy EA(φ˜) depends
on the spin canting angle θ via the transmission ampli-
tude,
τ(θ) =
4λ4 sin2(θ/2)
[1 + λ4 sin2(θ/2)]2
, (11)
characterizing the transparency of the S-2TS Josephson
junction with λL = λR = λ. The dependence of the
ABS energy on the individual phases φL/R is 4pi-periodic,
reflecting the fact that single electrons are transferred
into/from each TS lead. Nonetheless, the actual CPR
turns out to be pi-periodic in the phase difference φ˜/2
across the S-2TS junction, with jump-like behavior of
the CPR near φ˜ = pi (mod 2pi), cf. the upper panel of
Fig. 2. This peculiar behavior can be traced back to
parity crossings and will be discussed in more detail in
Sec. IID.
Another analytically accessible case is given by ∆S =
∆. For instance taking θ = pi, where Ic will be maximal,
we obtain
I
(∆S=∆)
L/R (φ˜) = −
∑
±
E
(±)
A
∂φ˜
tanh
(
E
(±)
A
2T
)
, (12)
with a pair of ABS energies
E
(±)
A (φ˜) =
∆√
2
(
1±
√
1− τ2 cos2(φ˜/2)
)1/2
, (13)
where τ = 4λ2/(1 + λ2)2. Equation (12) nicely matches
the corresponding numerical result for ∆S = ∆ shown in
the upper panel of Fig. 2.
2. With direct TS-TS coupling
We next briefly address the effects of a direct tunnel
coupling λLR between both TS wires. Typical exam-
ples for the CPR are shown in the lower panel of Fig. 2,
where, for simplicity, we assumed the θ-independent
value λLR = 1. This implies equal weights for TS-TS
tunneling processes with and without spin flips. Such an
assumption can be phenomenologically justified by tak-
ing into account the magnetic field, cf. the more micro-
scopic model discussed in Sec. III.
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Figure 3. TS-TS supercurrent vs phase difference φ = φL −
φR in the serial case φ˜ = 0, see Fig. 1(c), where IS = 0 and
IL = −IR. The S lead acts as currentless probe. The upper
panel illustrates the supercurrent suppression with increasing
spin angle θ for a normal probe (∆S = 0), see Eq. (15), for
4θ/pi = 0, 1, 2, 3, 4. The lower panel shows how current is
suppressed with increasing ∆S for θ = 0, taking ∆S/∆ =
0, 1, 2, 4. All other parameters are as in Fig. 2 with λLR = 0.
We observe from Fig. 2 that λLR has two important
consequences as compared to the case λLR = 0 studied so
far. First, the CPR becomes 2pi- rather than pi-periodic.
Second, the CPR exhibits pi-junction behavior, i.e., it ap-
pears with a phase shift of pi such that φ˜ = 0 now repre-
sents a maximum of the junction free energy. Apart from
the above two changes, however, the overall behavior of
the CPR is similar to the case λLR = 0. In particular,
the critical current is maximal for θ = pi and vanishes for
θ = 0.
The pi-junction behavior observed numerically in Fig. 2
can also be captured analytically in the atomic limit ∆→
∞ for the TS wires, cf. Sec. IID. Indeed, for spin canting
angle θ = pi but arbitrary λLR, we obtain
I
(∆→∞)
L/R =
T
2
∑
ω
(
λ2 sin φ˜− 2λLR
√
1 +
ω2
∆2S
sin(φ˜/2)
)
× λ
2∆2S
λ4ω2 + [λLR
√
ω2 + ∆2S − λ2∆S cos(φ˜/2)]2
(14)
with λL = λR = λ. Evidently pi-junction behavior,
∂φ˜IL/R(φ˜ = 0) < 0, is predicted by Eq. (14) for suffi-
ciently large direct TS-TS couplings, λLR > λ2.
C. Serial configuration
We now turn to the serial configuration in Fig. 1(c),
where φL = −φR and hence φ˜ = 0. This case can be
viewed as a TS-TS Josephson junction with phase dif-
ference φ = φL − φR in the presence of a currentless
(since IS = 0) probe electrode corresponding to the S
lead. Figure 3 shows numerical results for the CPR,
IL(φ) = −IR(φ), in this configuration.
1. Without direct TS-TS coupling
As in Sec. II B, we start our analysis with the case
λLR = 0. A finite supercurrent flowing between the TS
leads can then only be mediated through (real or vir-
tual) tunneling processes via states in the S lead. Note
that such states are only available at energies above ∆S .
This suggests that the critical current Ic will be maxi-
mal for ∆S = 0 and then decreases with increasing ∆S .
Furthermore, since tunneling processes between the TS
leads have highest amplitude for parallel spin alignment,
we expect that Ic is now maximal for θ = 0 but then will
be suppressed with increasing θ. We emphasize that the
θ-dependence of Ic is reversed with respect to the parallel
configuration in Sec. II B. The current suppression with
increasing θ and/or ∆S is shown in the upper and lower
panel of Fig. 3, respectively. It is worth mentioning that
the CPR, IL(φ), is always 2pi-periodic.
In order to better understand the results in Fig. 3, we
again turn to analytically accessible limits. In particular,
when the S lead has a vanishing gap (∆S = 0) and thus
represents a normal-conducting probe, Eq. (7) can be
simplified to the expression
I
(∆S=0)
L (φ) = −T
∑
ω
2EA∂φEA
ω2 + E2A + γ|ω|
√
ω2 + ∆2
,(15)
EA(φ) = ∆˜
√
1− τ˜ sin2(φ/2),
with
∆˜ =
∆√
1 + y2
, τ˜ = cos2(θ/2), (16)
y =
1 + λ4 sin2(θ/2)
2λ2
.
Importantly, the rate γ = 2y/(1 + y2) in Eq. (15) causes
ABS damping even though the 2pi-periodic ABS energy
EA is always detached from the TS continuum, EA < ∆.
Typical CPR curves resulting from Eq. (15) are shown in
the upper panel of Fig. 3.
Analytical progress is also possible for ∆S = ∆, where
no damping terms are encountered. Focusing on the case
of maximal supercurrent, θ = 0, we then obtain
I
(∆S=∆)
L (φ) = −
∂EA
∂φ
tanh
(
EA
2T
)
, (17)
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Figure 4. TS-TS supercurrent vs φ in the serial configu-
ration (φ˜ = 0) obtained from Eq. (7) for direct TS-TS cou-
pling λLR = 1 and several values of the spin canting angle,
4θ/pi = 0, 1, 2, 4. All other parameters are as in Fig. 3.
with the ABS energy EA(φ) = ∆
√
1− τ1 sin2(φ/2) and
τ1 = 4λ
4/(1 + 2λ2)2. Equation (17) matches the numer-
ical curve with ∆S = ∆ and θ = 0 shown in the lower
panel of Fig. 3, and therefore illustrates the supercurrent
suppression with increasing ∆S/∆ at fixed spin angle θ.
2. With direct TS-TS coupling
In the presence of a direct TS-TS coupling λLR, the 2pi-
periodicity of the CPR found above for λLR = 0 may turn
into a 4pi-periodicity. This remarkable effect is shown in
Fig. 4. Such a periodicity is found in the absence of
coupling to the S lead (λL/R = 0) when the parity of the
junction is conserved [2]. In our setup, the 4pi-periodicity
can be understood by noting that the S lead acts as a
probe electrode and thereby effectively fixes the fermion
parity of the trijunction. As illustrated in Fig. 4, we find
that the 4pi Josephson effect takes place for all θ 6= 0
(mod 2pi).
The 4pi-periodicity can also be confirmed analytically
in the atomic limit ∆ → ∞ for the TS wires. For θ = pi
and arbitrary λLR, we then obtain
I
(∆→∞)
L =
T
2
∑
ω
(
λLR sinφ− 2λ
2∆S√
ω2 + ∆2S
sin(φ/2)
)
× λLR(ω
2 + ∆2S)
λ4ω2 + [λLR
√
ω2 + ∆2S cos(φ/2)− λ2∆S ]2
(18)
with λL = λR = λ. This result explicitly shows the 4pi-
periodicity of the CPR. Note that in addition, pi-junction
behavior is predicted by Eq. (18) in the parameter regime
λLR < λ
2. Let us also mention in passing that when
the atomic limit is also taken for the S lead, ∆S → ∞,
Eq. (18) simplifies to Eq. (22) below (taken for θ = pi).
It is worth stressing that the TS-S-TS setup thereby
provides a completely robust strategy to measure the 4pi-
periodic CPR expected in the ground state of a TS-TS
junction with conserved fermion parity [1–4]. This setup
could therefore significantly simplify future experimen-
tal studies of the topological Josephson effect in a true
equilibrium state.
D. Atomic limit
We now address arbitrary phase configurations φL/R
but restrict ourselves to cases where the TS gap ∆ and/or
the S gap ∆S become much larger than all other en-
ergy scales of interest. Effectively taking ∆→∞ and/or
∆S → ∞ defines the atomic limit for the TS/S leads,
where one can approximate the respective lead by a zero-
bandwidth model.
First, for ∆S → ∞, the self-energy Σ(ω) in Eq. (9)
simplifies to ΣLL/RR = 0 while ΣLR(ω) = Σ
†
RL(−ω) be-
comes frequency independent and hence local in time,
ΣLR =
(
λLRe
−iφ/2 −λLλR sin(θ/2)e−iφ˜/2
λLλR sin(θ/2)e
iφ˜/2 −λLReiφ/2
)
,
(19)
where we use Eq. (2).
For ∆→∞, on the other hand, above-gap excitations
in the TS wires become negligible and a projection to the
respective low-energy MBS sector is sufficient. Taking
this limit in Eq. (3) with ∆L = −∆R = ∆, we obtain
the TS bGFs, GL/R(ω) = −i(∆/ω)[σ0±σx]. Introducing
Majorana operators γL,R = γ
†
L,R with anticommutator
{γj , γj′} = δjj′ , this limiting form of the bGF implies a
projection of the boundary spinors Φj in Sec. II A onto
the subspace spanned by MBSs only,
ΦL →
√
∆
(
1
1
)
γL, ΦR → i
√
∆
(
1
−1
)
γR. (20)
Taking also the atomic limit for the S lead, the time-local
form of Σ(ω) in Eq. (19) implies that the Dyson equation
(8) is solved by diagonalizing the effective Hamiltonian
Hat =
1
2
Φ†LΣLRΦR + h.c. = iEA(φ, φ˜)γLγR, (21)
EA = 2∆
(
λLR cos(φ/2) + λLλR sin(θ/2) cos(φ˜/2)
)
.
Note that Eq. (21) recovers the ABS energy (10) for
λL,R  1 and λLR = 0. Moreover, for λL/R = 0, Eq. (21)
reduces to the celebrated 4pi-periodic ABS energy of a
two-terminal TS-TS junction [1–4].
Importantly, Eq. (21) provides insights concerning pi-
junction behavior. To that end, let us consider the serial
7configuration in Sec. II C. Putting φ˜ = 0 in Eq. (21), we
obtain the T = 0 CPR
IL(φ) = −IR = eλLR∆~ sin(φ/2)× (22)
× sgn [λLR cos(φ/2) + λLλR sin(θ/2)] .
The CPR is 4pi-periodic and will show a transition to the
pi-junction regime once the sign factor sgn[· · · ] becomes
negative. In fact, pi-junction behavior is expected to be
rather common in TS-S-TS trijunctions near the atomic
limit.
III. BOUNDARY GF APPROACH FOR
SPINFUL NANOWIRES
So far our description of the TS leads has been based
on the low-energy limit of a semi-infinite Kitaev chain,
see Sec. II. A more microscopic approach tailor-made for
semiconductor nanowire implementations is discussed in
this section. To that end, we first derive the bGF for
the spinful TS nanowire model of Refs. [25, 26], which
arguably can give a rather accurate description of the
band structure. This model applies for a single conduc-
tion channel but includes spin-orbit coupling, proximity-
induced pairing, and a magnetic Zeeman field. In a sec-
ond step, we then apply this bGF to the problem of
Josephson transport in TS-S-TS junctions and compare
the results to those in Sec. II.
A. Derivation of the bGF
A spatially discretized version of the model in Refs. [25,
26] is given by
Hwire =
1
2
∑
j
[
ψ†j hˆψj +
(
ψ†j tˆψj+1 + h.c.
)]
, (23)
hˆ = (2t− µ)σzτ0 + Vxσ0τx + ∆σxτ0,
tˆ = −tσzτ0 + iασzτz,
where the fermion operators cjσ for a given lattice site
j and spin σ are combined in the four-spinor ψTj =(
cj↑, cj↓, c
†
j↓,−c†j↑
)
. In Eq. (23), the Pauli matrices σx,y,z
as well as the identity σ0 act as before in Nambu (particle-
hole) space, while Pauli matrices τx,y,z and the identity
τ0 are defined in spin space.
To select reasonable model parameters for the calcula-
tions below, we first choose the lattice spacing a = 10 nm,
which yields the nearest-neighbor hopping element t =
~2/(2m∗a2) and the spin-orbit coupling α = ~u/a, where
u is the spin-orbit interaction parameter in the con-
tinuum model of Ref. [26]. With the effective mass
m∗ ' 0.02me for InAs, we obtain t = 20 meV and esti-
mate α ' 4 meV from the measurements in Ref. [46]. The
Zeeman scale Vx is determined by the magnetic field B
along the wire, Vx = µBgB/2, with Landé factor g ≈ 10
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Figure 5. Local density of states ρ(E) (in units of 1/∆) at the
wire boundary vs energy E (in units of ∆), using the spinful
wire model (23). We have used a broadening parameter γ0 =
0.01∆ to visualize the subgap structure. We put µ = 5 meV
and vary the Zeeman scale Vx from 0 to 6 meV, with all other
parameters specified in the main text. The topological phase
is realized for Vx > Vc =
√
µ2 + ∆2 ' 5.004 meV [25, 26]. For
Vx = 6 meV, the zero-energy Majorana peak is observed. The
dashed curve gives the corresponding result obtained from the
Kitaev model in Sec. II, with an effective proximity gap and
an effective normal density of states.
in InAs. For the gap parameter, we assume ∆ = 0.2 meV.
The remaining free variables are B (and hence Vx) and
the chemical potential µ, which are key experimental pa-
rameters for changing the nanowire properties.
In this section, we work with the retarded GF Gr(ω)
of a given TS wire, which is obtained by analytic con-
tinuation, iω → ω + i0+, from the respective Matsubara
GF G(ω) discussed in Sec. II. To lighten notation, we
drop the r superscript from now on. For an infinitely
long nanowire described by Eq. (23), the GF in spin-
Nambu space (indicated by the hat superscript) follows
in frequency-momentum representation as
Gˆ(0)(k, ω) =
[
ω − hˆ− Vˆ (k)
]−1
, (24)
Vˆ (k) = −2t cos(ka)σzτ0 + 2α sin(ka)σzτz.
Explicit expressions for the matrix elements
[Gˆ(0)(k, ω)]lm in spin-Nambu space are summarized
in Appendix A. The corresponding real-space represen-
tation is obtained by contour integration,
Gˆ
(0)
lm(ω) =
˛
|z|=1
dz
iaz
Gˆ(0)(k, ω)z(l−m), z = eika. (25)
We then determine the poles of Gˆ(0)(k, ω) in the z-plane
numerically, while the corresponding residues are com-
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Figure 6. Spin canting angle θ = θL − θR vs Zeeman scale Vx
obtained from Eq. (28) for different values of µ. The shown
results are within the topological regime, Vx > Vc. All other
parameters of the spinful TS wire model (23) are specified in
the main text.
puted analytically. Finally, the bGF for the left/right
semi-infinite spinful TS wire follows by solving the re-
spective Dyson equation for breaking the infinite chain
[20],
GˆL = Gˆ
(0)
00 − Gˆ(0)01
(
Gˆ
(0)
00
)−1
Gˆ
(0)
10 ,
GˆR = Gˆ
(0)
00 − Gˆ(0)10
(
Gˆ
(0)
00
)−1
Gˆ
(0)
01 , (26)
where the indices refer to lattice sites.
As a first example for this approach, we study the
local density of states at the boundary of the wire,
ρ(E) = −(1/pi)Im[GˆL(E)]11, where the indices now refer
to spin-Nambu space. Figure 5 illustrates the evolution
of ρ(E) as one varies the Zeeman scale Vx. Below the crit-
ical value Vc =
√
µ2 + ∆2, the topologically trivial phase
without MBSs is realized. For Vx > Vc, however, Majo-
rana zero modes develop and cause a zero-energy peak
in ρ(E). For comparison, Fig. 5 also shows the limiting
behavior predicted by the Kitaev model used in Sec. II.
B. Spin structure of MBSs
The spinful model (23) allows us to analyze the MBS
spin structure and its evolution under changes of the
magnetic field and/or the chemical potential. The spin
spectral density at the boundary of the respective TS
wire has the components (ν = x, y, z)
Sν,L/R(ω) =
1
2pii
Tr
[
(1 + σz) τν
(
GaL/R(ω)−GrL/R(ω)
)]
,
(27)
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Figure 7. CPR for the parallel configuration from the spinful
model without direct TS-TS coupling, λLR = 0. The Zeeman
scale Vx is ramped through the topological transition at Vc '
5.004 meV, with µ = λL = λR = 5 meV. The dashed curve
gives the CPR for λR = 0 and Vx = 5.4 meV. For all other
parameters, see main text.
with a trace over spin-Nambu space, and the advanced
GF Ga. As discussed in Refs. [27–29], the MBS spin
polarization points within a plane perpendicular to the
spin-orbit direction (the x-y plane in our case). We may
then determine the spin angles in Fig. 1(a) from the zero-
energy limit of Eq. (27),
tan θL/R = lim
ω→0
Sy,L/R(ω)
Sx,L/R(ω)
. (28)
The symmetry of the setup implies θR = −θL. Hence
we can compute the spin canting angle θ = θL − θR,
which was introduced in Sec. II on purely phenomeno-
logical grounds, as a function of the model parameters in
Eq. (23).
The resulting dependence of θ on Vx and/or µ is shown
in Fig. 6. With increasing Zeeman scale Vx (always in
the topological regime Vx > Vc), we find that θ decreases
as a power law where the exponent depends on system
parameters, see also Ref. [29]. This decrease becomes less
pronounced for large values of µ which may therefore be
advantageous in achieving a widely tunable spin angle. In
any case, the choice of Vx and/or µ will affect θ as shown
in Fig. 6, which in turn affects Josephson transport in
the trijunction as described in Sec. II.
C. CPR across the topological transition
We next use the spinful model for analyzing the tri-
junction CPR across the topological transition at Vx =
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−0.05
0
0.05
φ/π
(I L
+
I R
)/(π
Δ)
 
 
V
x
[meV]=4.80
V
x
[meV]=4.95
V
x
[meV]=5.10
V
x
[meV]=5.25
V
x
[meV]=5.40
~
Figure 8. Same as in Fig. 7 but including a direct TS-TS cou-
pling, λLR 6= 0. The lower (upper) set of curves corresponds
to λLR = 5 meV (λLR = −5 meV), where the lower curves
have been shifted by −0.06 for clarity.
Vc. The tunnel Hamiltonian (5) can be directly extended
to the spinful case. However, we do not absorb density of
states factors in the tunnel amplitudes λL,R,LR anymore
(as in Sec. II) but instead specify them in meV units.
Let us first study the parallel configuration φ = 0, see
Fig. 1(b), for the case without direct TS-TS coupling,
λLR = 0. We also put ∆ = ∆S even though the effective
TS gap becomes reduced when crossing the topological
transition, cf. Fig. 5. The resulting CPR is shown in
Fig. 7 for µ = 5 meV and λL = λR = 5 meV. We observe
a transition from the conventional 2pi-periodic behavior
for Vx < Vc to a distorted CPR for Vx > Vc that grad-
ually resembles the CPR predicted by the Kitaev model
in Sec. II, cf. the upper panel in Fig. 2. We emphasize
that in order to match to results obtained from the Ki-
taev model, one should have µ  ∆. For µ → 0, the
s-wave pairing contribution turns out to be important
and masks the corresponding behavior. For reference,
the dashed curve in Fig. 7 specifies the S-TS Josephson
current for λR = λLR = 0, where the right TS wire is
completely decoupled. The CPR should then vanish ac-
cording to the model in Sec. II, see Ref. [35]. However,
when using the spinful model, we observe a finite (albeit
much reduced) critical current.
Next, Fig. 8 shows results for the same configuration
as in Fig. 7 but allowing for a direct TS-TS coupling
λLR. We observe that the behavior of the CPR across the
transition critically depends on the sign of λLR. When
λLR < 0, the CPR exhibits pi-junction behavior both for
Vx < Vc and Vx > Vc, and thus the evolution across the
transition is smooth. However, for λLR > 0, a change
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Figure 9. CPR for the serial configuration from the spinful
model for several values of ∆S . Parameters were chosen as
µ = λL = λR = 5 meV, Vx = 7 meV, and λLR = 0. For all
other parameters, see main text.
from pi-junction to 0-junction behavior occurs right at
the topological transition. This sensitivity to the sign
of the direct tunnel matrix element λLR is characteristic
for our topological TS-S-TS trijunction and would not be
found in topologically trivial systems.
Finally, we have also explored the CPR for the spin-
ful model in the serial configuration, cf. Fig. 1(c). Our
results in Fig. 9 correspond to a situation where both
TS leads are deep in the topological phase. As a conse-
quence, the spin angle is quite small, cf. Fig. 6, and hence
large supercurrents are expected from Sec. II C, cf. the
upper panel of Fig. 3. Next, Figure 9 illustrates the effect
of increasing the gap ∆S in the S lead in the absence of
any direct TS-TS coupling. The observed supercurrent
decrease is consistent with our results in Sec. II C. This
dependence of the current on ∆S , with a full suppression
for ∆S → ∞, confirms that a finite TS-TS supercurrent
must involve excited states in the S lead.
IV. CONCLUSIONS
In this paper, we have studied Josephson transport
in a trijunction geometry involving a pair of TS wires
and one conventional s-wave (S) superconductor. One
can distinguish different parameter regimes for this TS-
S-TS setup. In particular, we have studied parallel vs
serial configurations, see Fig. 1, where depending on the
choice of the bias phases, one either realizes an effec-
tive Josephson junction between the S lead and a two-
channel TS lead (parallel configuration), or one has a
TS-TS junction with a currentless probe defined by the S
10
lead (serial configuration). In the former case, the super-
current is mainly carried by splitting (creating) Cooper
pairs in the S lead into (from) two electrons in different
TS wires. Such processes may become highly effective
in the presence of Majorana states. The supercurrent is
then maximized (vanishes) for antiparallel (parallel) spin
alignment of both TS wires. In the serial configuration,
the picture is basically the other way around since now
Josephson transport involves tunneling of quasiparticles
between the TS leads. In the absence of a direct coupling
between both TS wires, such processes are only possible
via excited states in the conventional superconductor. In-
terestingly, this configuration also offers a convenient way
to stabilize the 4pi-periodicity of the current-phase rela-
tion, see Sec. II C, and we hope that future experiments
will be guided by this observation.
For understanding the physics of such devices, we
found it useful to employ a comparatively simple Ki-
taev chain modeling, see Sec. II, which allows for analyt-
ical progress in several different limits within the bound-
ary Green’s function formulation. As an alternative ap-
proach, we have also extended this formalism to the
widely used spinful Majorana wire model of Refs. [25, 26].
The predictions obtained from the Kitaev model are qual-
itatively, and in some cases even quantitatively, repro-
duced from these more microscopic calculations. Most
importantly, the spinful wire modeling provides access
to the spin canting angle θ between the spin polariza-
tion axes in the two TS wires. We have clarified how
this angle depends on two key parameters of experimen-
tal interest, namely on the chemical potential and on
the Zeeman field. Although not shown explicitly, the
present formalism also allows one to take into account
finite-length effects in the TS wires [20], where both Ma-
jorana end states in a given TS wire will hybridize. We
expect that the main consequence of this hybridization
is a reduction of the critical current due to a decrease in
the anomalous Green’s function.
To conclude, our results show that the multiterminal
Josephson effect in setups containing both conventional
and topological superconductors can provide detailed in-
formation about the spin polarization of MBSs. We hope
that our predictions will soon be tested experimentally.
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Appendix A: On the boundary GF of the spinful
model
Here we provide details on the derivation of the bGF
for the spinful nanowire model in Sec. IIIA. For the
infinite-wire retarded GF in frequency-momentum space,
Gˆ(0)(k, ω), we write the matrix elements in spin-Nambu
space in the form
Gˆ
(0)
lm(k, ω) =
G˜
(0)
lm(k, ω)
det(ω − Hˆk)
, (A1)
where the indices l,m = 1, 2, 3, 4 correspond to the en-
tries in the four-spinor ψj in Sec. III A, and we define
Hˆk = hˆ+ Vˆ (k), cf. Eqs. (23) and (24).
Using uk = 2α sin(ka) and k = 2t[1− cos(ka)]−µ, we
obtain the matrix elements
G˜
(0)
11 (k, ω) = (ω + k + uk)[ω
2 −∆2 − (k − uk)2] +
+ V 2x (k − ω − uk),
G˜
(0)
12 (k, ω) = Vx[∆
2 + (ω + k)
2 − u2k − V 2x ],
G˜
(0)
13 (k, ω) = ∆[ω
2 + V 2x −∆2 − (k − uk)2],
G˜
(0)
14 (k, ω) = 2∆Vx(ω + uk),
G˜
(0)
21 (k, ω) = Vx[∆
2 + (ω + k)
2 − u2k − V 2x ],
G˜
(0)
22 (k, ω) = (ω + k − uk)[ω2 −∆2 − (k + uk)2] +
+ V 2x (k − ω + uk),
G˜
(0)
23 (k, ω) = 2∆Vx(ω − uk),
G˜
(0)
24 (k, ω) = ∆[ω
2 + V 2x −∆2 − (k + uk)2],
G˜
(0)
31 (k, ω) = ∆[ω
2 + V 2x −∆2 − (k − uk)2],
G˜
(0)
32 (k, ω) = 2∆Vx(ω − uk),
G˜
(0)
33 (k, ω) = (ω + k − uk)[−u2k − V 2x + (ω − k)2] +
+ ∆2(k − ω + uk),
G˜
(0)
34 (k, ω) = Vx[∆
2 + (ω − k)2 − u2k − V 2x ],
G˜
(0)
41 (k, ω) = 2∆Vx(ω + uk),
G˜
(0)
42 (k, ω) = ∆[ω
2 + V 2x −∆2 − (k + uk)2],
G˜
(0)
43 (k, ω) = Vx[∆
2 + (ω − k)2 − u2k − V 2x ],
G˜
(0)
44 (k, ω) = (ω + k + uk)[−u2k − V 2x + (ω − k)2]
− ∆2(−k + ω + uk),
and the determinant
det(ω − Hˆk) = ∆4 + 2∆2(u2k + 2k − V 2x − ω2) +
+ u4k + 2u
2
k(V
2
x − ω2 − 2k)
+ V 4x − 2V 2x (ω2 + 2k) + ω4 − 22kω2 + 4k.
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